With the help of the computer language UBASIC86, the minimum discriminant d(K) of totally real algebraic number fields K of degree 9 with cubic subfields F is determined. It is given by d(K) = 16240385609. The defining equation for K is given by f(x) = x9 -x% -9x7 + 4x6 + 26x5 -2x4 -25jc3 -x2 + lx + 1 , and K is uniquely determined by d(K) up to Qisomorphism. The field K has the cubic subfield F with d(F) = 49 defined by the polynomial f(x) = xi + x2 -2x -1 .
Introduction
Let K bea totally real algebraic number field of degree n with discriminant d(K), and rx be the number of real conjugate fields and 2r2 the number of complex conjugate fields, so that we have n = rx + 2r2.
It is an important problem to determine the minimum discriminant d(K) and the corresponding field K for each pair (rx,r2).
When n < 8, for all signatures (rx, r2) the field K with minimum discriminant d(K) is known. In the case n = 8, only the totally real case (i.e., r2 = 0) and the totally complex case (i.e., r2 = 4) have been determined (Pohst [1, 2] , Pohst, Martinet, and Diaz y Diaz [4] , Diaz y Diaz [11] ).
In this paper we shall treat totally real fields of degree 9 (i.e., n = 9, r2 = 0). There are two cases. The first is when K has a cubic subfield, and the other is when K does not have any such subfields. Since it seems that the latter case is harder than the former, in this paper we shall deal only with the former case. We prove the following main theorem. Theorem 1. Let K be a totally real algebraic number field of degree 9 with a cubic subfield F such that the discriminant d(K) satisfies d(K) < 16983563041.
Let f(x) = x9 + axx* + a2x7 + a^x6 + a4x5 + asx4 + a^x3 + a^x2 + a%x + a? be a defining equation for the field K. Then the complete list of such fields K is given as follows: Moreover, for each discriminant d(K) listed above, the field K is uniquely determined up to Q-isomorphism.
In order to prove Theorem 1, we do the following:
(1) First we determine an upper bound dm3X and a lower bound dmXn for the discriminant d(K). (2) Let F be a cubic subfield of K . It is known that
where N(-) is the norm of F/Q, and D(K/F) is the relative discriminant of K/F . So we have
For each field F, we determine all fields K with d(K) < dmax such that K contains F as a subfield. We must use a computer in order to calculate the discriminants, determinants, coefficients of polynomials and the other data. Since these values can be greater than 1014 , we cannot calculate them with commonly used computer languages (for example FORTRAN, PASCAL, C). So we use the computer language UBASIC86 running on the personal computer NEC PC-9801 series. UBASIC86 is a high-precision BASIC, which is an excellent public-domain software written by Y. Kida [9] . We use the version 8.12 (October 1990). UBASIC86 can calculate with up to 2600 digits for integers and real numbers, and up to 2600 digits total for the real and imaginary parts of complex numbers. Since it does the job faster than the familiar languages, UBASIC86 is best for our purpose.
Cubic subfields
Let K be a totally real algebraic number field of degree 9 with discriminant d(K). We determine an upper bound and a lower bound for the discriminant d(K). A. Odlyzko [8] supplied a table of triples (A, B, E) and gave the following lower bounds for d(K):
where e is Euler's constant, the base of the natural logarithms. One of them, which we will use, is given as follows:
(4) ,4 = 29.534, 5=14.616, E = 8.2267.
In our case irx = 9, r2 = 0) it follows by (3) and (4) It is sufficient to determine all fields K such that
By (2), we need all cubic real fields F with the discriminants
Let f(x) = x3 + bxx2 + b2x + bi be a defining equation for the field F . Then the complete list of such fields F is given as in Table 1 . The integral basis is given by 1, a, (a + a2)/2 in the cases d(F) = 961, 1304, 1772, 1849, 2089, and by 1, a, (1 +a2)/2 in the case d(F) = 2292, and by 1, a, a2 in the remaining cases.
Cubic extensions of cubic subfields
In this section we determine all totally real algebraic number fields K of degree 9 satisfying (6) which are cubic extensions of the cubic fields F given in Table 1 .
Let K be an algebraic number field and F be a subfield of K. Let p be a Q-isomorphism of K, a be a Q-isomorphism of F and p\F be the restriction of p to F . Then the tr-trace is defined by
The following theorem is useful in finding a field K which is an extension of its subfield F .
Theorem 2 (Martinet [5] ). Let K be an algebraic number field of degree n, F be an algebraic number field of degree n' and K be an extension of F with degree m . Then there exists 6 e 0# , 6 £ F, such that ¿|0(í)l2<¿£lTr*.*/'(0)l2
where 0(,) are conjugates of 0. Further, if 6 satisfies this inequality, then 6+5, for any ô e F, satisfies it also.
Let F be a cubic field and K a cubic extension of F. Let {ox = 1, o2, a{\ be a Q-isomorphism of F , and {1, ¿(1), e(1)} be an integral basis of F , and {¿W , e^} 0 = 2, 3) be the conjugates. Then, using Theorem 2, we have the following inequality for some 0 e Ok , 6 £ F :
Hence, 0 is a root of an irreducible polynomial f(x) e Z[x] which decomposes in Of[x] into a product of three conjugate irreducible polynomials, say, fix)(x), fl2)(x), f{3)(x). We use the following notation: fix) = x9 + axx* + Ü-2.X1 + ÍZ3X6 + a4x5 + a^x4 + a6x3 + a7x2 + a&x + a9 (a¡ eZ, 1 < /< 9),
f^(x) = x3 + afx2 + afx + af (a|2) = o2ia¡l)), 1 < / < 3), /<3>(x) = x3 + a[3)x2 + afx + af (af] = o,(a(X)), 1 < i < 3).
Clearly, we have Trff;,jc/F(0) = -a[j) (j =1,2,3).
We order the roots 0(,) (1 < i < 9) of fix) such that 0<'), 0<2>, 0<3> are the roots of ßx\x), 0<4> , 0'5>, 0<6> are the roots of f2\x) and 0<7> , 0'8>, 0<9) are the roots of /(3)(-*). For each natural number j we consider the power Clearly, sj1', sj2), and sj3) are conjugates in F and satisfy 5, = sf + sf + sf, \Sj\ < \#>\ + \sf>\ + \sf>| < ¿ |0('Y.
We determine the set of all coefficients (ö[° , of , af) of /M(x) (/= 1,2, 3). We put af = ajo + ajXôW +aJ2e^ (aj0, ajX ,aj2eZ, i,j =1,2,3). Since
TrCTl ,K/F(ß) = 3ß, ß e F , and changing 0 to -0 or 0 + ß , ß e F, we may assume without loss of generality that We first treat the case that we can take {1, a, a2} as Z-basis of Of , i.e., ¿<0 = aWf e(') = a(02 (/=1,2,3, <*<»>< a<2><a<3)).
From the inequalities (8)- (10), we have the following inequalities for the integers flio, axx, ax2: (11) 0<flio,an,fli2<2. 
-X31 -û3ia(1) -a32a(1) < a30 < Xn -Û3ia(1) -032a (D2 y(2) -X32 -aixa^> -a32a{2)2 < ¿z3o < x32 -a3ia(2' -a32a(2'2,
In the remaining two cases we can take {l,a,(l + a2)/2}, or {l,a, (a + a2)/2} as a Z-basis of Of. Also in these cases, from the inequalities (8)-(10) we get the inequalities for aXo, axx, ax2, ... , a^2.
Since K is totally real, we have 
lafaf^af* (i=l,2,3).
The following theorem is useful to determine the discriminant dif) of a polynomial fix) and to check that fix) has only real zeros. By the inequalities (11)- (20), we determine the set of (ax0, axx, ax2, a2o, a2x, a22, Û30, a3i, ai2) and the set of all coefficients ia['}, a\\l\ a^}) of f{l\x) (i = 1,2,3). Since fix) = f{X)ix)ß2\x)ß3\x), we determine the set of all coefficients (ûj , a2, a3, a4, a5, a6, a-;, ag, a9) of the polynomial fix).
We examine the irreducibility of the polynomial fix). We find the zeros 
There is a 0(,) such that 0(,) e Z .
There are 0(,) and 6(j) and 6(k) such that 0(;) + 0U) + 6{k\ ( 2) 0(i)0U) + 6U)0(k) + 0(k)0(i) and d(i)dU)0(k) e z.
Then we determine the set of all coefficients iax, a2, a3, 04, a5, a¿, a7, «8, 09) such that /(x) is irreducible. We denote by 7Y1 the number of such polynomials fix) for each cubic field F . Then we have Table 2 . For all the remaining cases we have Nl = 0.
Minimum discriminant of the totally real fields of degree 9
Finally, we determine the minimum discriminant diK) of the fields K obtained in §3. Using Theorem 3, we obtain the discriminant d(f) of each polynomial f(x) found in §3. In general, d(f) is not equal to d(K) ; it is known that d(f) = m2d(K) (m > 0 e Z). So we shall determine m . We decompose d(f) = m2m2d(F)3, where m2 is squarefree. If f(x) satisfies the inequality (23) m2diF)3 > dn then we can exclude such fix). We denote by N2 the number of fix) such that fix) does not satisfy (23). Then we have Table 3 . For all the remaining cases we have N2 = 0. In these cases we check whether p\idif)/diK)) or p \ idif)/diK)) for all primes p such that p\mx . In order to do this, the following theorem is useful.
Theorem 4 (Zassenhaus [3] ). Let F be an algebraic number field, Of be the ring of integers in F. Let fix) = x" + axxn~x H-\-a" (a,■ e Of , I < i < n) be an irreducible polynomial over F with the discriminant d(f) and a be a zero of fix) and K = Fia) be an extension of F with degree n. Let the decomposition of the ideal id(f)) in Of be as follows:
Pi (e¡ > 1, 1 < / < So ; Pi distinct prime ideals). Since the proof is easy, we shall omit it. We apply Proposition 1 in the case f(x) = x9 -x8 -1 lx7 + 12x6 + 36x5 -41x4-31x3 + 33x2 + 2x-l, dif) = 119414482370560 = 215 x 5 x 151 x 1693, diF) = 169, m, = 128 = 27, and dif)/m\ = 7288481590.
The ideal (2) is a prime ideal in F . Since 2|7288481590, we have 2\d(K) and 2 ramifies in K. We have d(K) > 25 x 7288481590 > dmax. So f(x) is excluded. By this method we can exclude 6 cases.
Proposition 2 (Takeuchi [7] ). Let K be an algebraic number and F be a subfield. Let fix) = x" + axxn~x -\-\-a" e Of[x] be the defining polynomial for K over F. Let p be a prime ideal of Of . If p|<z, (m < / < n) and p2 \ a" , then the ramification index of p for K/F is at least n -m .
We apply Proposition 2 in the case fix) = x9 + 5x8 -2x7 -37x6 -20x5 + 78x4 + 52x3-40x2-16x + 8, dif) = 20181511264415744 = 218x65449x493, diF) = 49, mx = 512 = 29, and d(f)/m2 = 7700009401.
We know that F = Q(a), where a is a zero of x3 + x2 -2x -1. Then x3 + ( 1 + a2)x2 + (-6 + 2q2)x + 2-2a-2a2 is an irreducible polynomial of K over F . Since the ideal (2) is a prime ideal in F, we see that 2|(-6 + 2a2), 2|(2 -2a -2a2) and 22\(2-2a-2a2). So 2 ramifies in K . By Proposition 1, we have diK) > 26 x 7700009401 > i/max. So fix) is excluded. By this method we can exclude 106 cases. We denote by Nk the number of fix) such that the discriminant d(K) of the field K given by f(x) satisfies (6). Then we have Table 4 .
To determine if two fields K with the same diK), but given by different polynomials fix), are isomorphic, we use the method of Takeuchi [7] . Consequently, we see that the fields K are uniquely determined up to Q-isomorphism. So the proof of Theorem 1 is completed.
